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Let X and Y be topological spaces. Then

e the collection
B={UXV |UisopeninX and V is openin Y} is a
base for a topology on X X Y.

* the topology generated by the base B is said to be
the product topologyon X X Y.

* this topology is also said to be the box topology on
XXY.



Let X and Y be topological spaces. Then

* p:XXY > Xandp,: X XY - Y defined
respectively, by p;(x,y) = x and p,(x,y) = y are
the projection maps in the components X and Y.

* the coIIectlon S = {p1 ()| U is openin X} U
fp, (V)| V is open in Y} is a subbase for a
topologyon X X Y.

* the topology generated by the subbase § is said to
be the product topology on X X Y.

e the basis element U X V = p;1(U) np,~ (V).



Proposition 1:

Product of two Hausdorff spaces is Hausdorff.

Let X and Y be two Hausdorff spaces. Let (x{,y;) and (x5, y,)
be two arbitrary distinct elements of X X Y. So, x; # x, or y; # y,.
Without any loss of generality, let x; # x5, then as X is Hausdorff, so
there must be two disjoint open sets U and V of X such that x; € U
and x, € V. But then UX Y and X XV are also disjoint. Clearly,
U X Y and X X I are (basic) open sets of X X Y with (x;,y;) EUXY

and (x,,y,) € X X V.Thus, X X Y is also Hausdorff. W

Thus, hausdorffness is a productive property (a property P is said to
be productive if each component has the property P then the
product space also has the same property P).



Proposition 2:

A topological space X is Hausdorff if and only if the
diagonal Ay= {(x,x)|x € X}is closed in X X X.

Proof: Let X be a Hausdorff space. We will show that complement
of Ay isopenin X X X. So, let (x,y) € X X X-Ay. Then, (x,y) & Ay.
Hence, x # y. But then, being X Hausdorff, there must be disjoint
open sets U and V of X such that x € U and y € V. Clearly, U X V
is open in XXX and (UXV)NAy=0. So, UXV € X X X-Ay.
Thus, (x,y) € UX V € X X X-Ay , which implies that X X X-Ay is
a neighborhood of (x,y). Hence, X X X-Ay is open and so, Ay is
closed in X X X.

Conversely, let Ay be closed in X X X. To show X Hausdorff, let
x,y € X with x #y. Hence, (x,y) € Ay = Ay. But then, there
must be some basic open set UX V in X X X with (x,y) e UXV
such that (U X V)N Ay= @, whereby it follows that UNnV = @.

Thus, X is Hausdorff. ®
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