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Definition

The continuous wavelet transform of a function φ with respect to the
wavelet ψ is defined by

(Wψφ)(a, b) = 〈φ, ψa,b〉 =

∫ ∞
−∞

φ(t) ψ̄a,b(t) dt, (1)

where ψa,b(t) = 1√
|a|
ψ( t−ba ), a ∈ R \ {0} and b ∈ R, provided the integral

exists.

If φ ∈ L2(R) and ψ ∈ L2(R), then using the Parseval’s formula for Fourier
transform, (1) can be re-written in the form:

(Wψφ)(a, b) =
1

2π

∫ ∞
−∞

φ̂(ξ)
√
|a| ψ̂(aξ) e ibξdξ

=

√
|a|

2π

∫ ∞
−∞

e ibξφ̂(ξ) ψ̂(aξ)dξ

= F−1
[√
|a|φ̂(ξ) ψ̂(aξ)

]
(b)

(2)

Dr. Sunil Kr. Singh (M.G.C.U.B.) The Continuous Wavelet Transform April 06, 2020 2 / 15



where φ̂ denotes Fourier transform of φ, similarly ψ̂.

Example

The wavelet transform of a constant function is zero.
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Basic properties of wavelet transforms I

If ψ and φ are wavelets and f , g are functions which belong to L2(R), then

(i) (Linearity)

(Wψ(αf + βg))(a, b) = α(Wψf )(a, b) + β(Wψg)(a, b), (3)

for any scalars α, β.

(ii) (Translation)

(WψTc f )(a, b) = (Wψf )(a, b − c), (4)

where Tc is the translation operator defined by Tc f (t) = f (t − c).

(iii) (Dilation)

(Wψ(Dc f )(a, b) = (Wψf )

(
a

c
,
b

c

)
, c > 0, (5)

where Dc is the dilation operator defined by
Dc f (t) = 1√

|c|
f ( t

c ), c > 0.
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Basic properties of wavelet transforms II

(iv) (Symmetry)

(Wψφ)(a, b) = (Wφψ)

(
1

a
,−b

a

)
, a 6= 0, (6)

where Dc is the dilation operator defined by
Dc f (t) = 1√

|c|
f ( t

c ), c > 0.

(v) (Parity)
(WPψPf )(a, b) = (Wψf )(a,−b), (7)

where P is the Parity operator defined by Pf (t) = f (−t).

(vi) (Antilinearity)

(Wαψ+βφf )(a, b) = α(Wψf )(a, b) + β(Wφf )(a, b), (8)

for any scalars α, β.
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Basic properties of wavelet transforms III

(vii)

(WTcψf )(a, b) = (Wψf )(a, b + ca). (9)

(viii)

(WDcψf )(a, b) = (Wψf )(ca, b), c > 0. (10)
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Theorem (Parseval’s formula)

Assume that Cψ =

∫ ∞
−∞

|ψ̂(ξ)|2

|ξ|
dξ <∞. Let f , g ∈ L2(R) and

(Wψf )(a, b), (Wψg)(a, b) be the wavelet transforms of f , g respectively,
with respect to the wavelet ψ ∈ L2(R). Then∫ ∞

−∞

∫ ∞
−∞

(Wψf )(a, b)(Wψg)(a, b)dadb
a2

= Cψ

∫ ∞
−∞

f (t)g(t)dt.

Dr. Sunil Kr. Singh (M.G.C.U.B.) The Continuous Wavelet Transform April 06, 2020 7 / 15



Proof.

We have by definition of wavelet transform,

(Wψf )(a, b) =

∫ ∞
−∞

f (t) ψa,b(t)dt

=
1

2π

∫ ∞
−∞

f̂ (ξ)
√
|a| ψ̂(aξ) e ibξdξ.

(11)

Similarly,

(Wψg)(a, b) =
1

2π

∫ ∞
−∞

ĝ(ω)
√
|a| ψ̂(aω) e−ibωdω. (12)
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Therefore,∫ ∞
−∞

∫ ∞
−∞

(Wψf )(a, b)(Wψg)(a, b)dadb
a2

=
1

(2π)2

∫ ∞
−∞

∫ ∞
−∞

dadb
a2

∫ ∞
−∞

∫ ∞
−∞
|a|f̂ (ξ)ĝ(ω) ψ̂(aξ) ψ̂(aω)e ib(ξ−ω)dξdω

=
1

2π

∫ ∞
−∞

da
|a|

∫ ∞
−∞

∫ ∞
−∞

f̂ (ξ)ĝ(ω) ψ̂(aξ) ψ̂(aω)

(
1

2π

∫ ∞
−∞

e ib(ξ−ω)db

)
dξdω

=
1

2π

∫ ∞
−∞

da
|a|

∫ ∞
−∞

∫ ∞
−∞

f̂ (ξ)ĝ(ω) ψ̂(aξ) ψ̂(aω)δ(ξ − ω)dξdω

=
1

2π

∫ ∞
−∞

da
|a|

∫ ∞
−∞

f̂ (ξ)ĝ(ξ)
∣∣∣ψ̂(aξ)

∣∣∣2 dξ

=
1

2π

∫ ∞
−∞

f̂ (ξ)ĝ(ξ)

(∫ ∞
−∞

|ψ̂(aξ)|2
|a| da

)
dξ

= Cψ
1

2π

∫ ∞
−∞

f̂ (ξ)ĝ(ξ) dξ = Cψ

∫ ∞
−∞

f (t)g(t) dt.
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Theorem (Inversion formula)

If f ∈ L2(R) and 0 < Cψ <∞, then f can be reconstructed by the
formula

f (t) =
1

Cψ

∫ ∞
−∞

(Wψf ) (a, b)ψa,b(t) dadb
a2
. (13)
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Proof.

For any f , g ∈ L2(R), we have by Parseval’s formula for wavelet
transforms

Cψ 〈f , g〉 = Cψ

∫ ∞
−∞

f (t)g(t) dt

=

∫ ∞
−∞

∫ ∞
−∞

(Wψf )(a, b)(Wψg)(a, b)dadb
a2

=

∫ ∞
−∞

∫ ∞
−∞

(Wψf )(a, b)

∫ ∞
−∞

g(t) ψa,b(t)dt dadb
a2

=

∫ ∞
−∞

(∫ ∞
−∞

∫ ∞
−∞

(Wψf )(a, b) ψa,b(t) dadb
a2

)
g(t)dt

=

〈∫ ∞
−∞

∫ ∞
−∞

(Wψf )(a, b) ψa,b(t) dadb
a2
, g(t)

〉
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which implies that

Cψf =

∫ ∞
−∞

∫ ∞
−∞

(Wψf )(a, b) ψa,b(t) dadb
a2

f =
1

Cψ

∫ ∞
−∞

∫ ∞
−∞

(Wψf )(a, b) ψa,b(t) dadb
a2
.

If f = g , then we have by Parseval’s formula

Cψ ‖f ‖2 =

∫ ∞
−∞
|(Wψf )(a, b)|2 dadb

a2
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