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Definition

The continuous wavelet transform of a function ¢ with respect to the
wavelet v is defined by

(Wy)(2, b) = (6, $ap) = / " 6(6) Do) d, (1)

where 1, p(t) = ﬁzp(%b), ae€ R\ {0} and b € R, provided the integral

exists.

v

If ¢ € L2(R) and 9 € L%(R), then using the Parseval’s formula for Fourier
transform, (1) can be re-written in the form:

(Wy0)(a, b) <z> (€)V/]al ¥(a€) e™d¢
[f 8(&) ¥ as)} b)

Dr. Sunil Kr. Singh (M.G.C.U.B.) The Continuous Wavelet Transform April 06, 2020 2/15



where ngﬁ denotes Fourier transform of ¢, similarly zﬁ

The wavelet transform of a constant function is zero.

Dr. Sunil Kr. Singh (M.G.C.U.B.) The Continuous Wavelet Transform April 06, 2020 3/15



Basic properties of wavelet transforms |

If 1 and ¢ are wavelets and f, g are functions which belong to L?(RR), then
(i) (Linearity)

(Wy(af + Bg))(a, b) = a(Wyf)(a, b) + S(Wyg)(a, b),  (3)

for any scalars «, .
(i) (Translation)

(Wy Tcf)(a, b) = (Wif)(a, b —c), (4)
where T is the translation operator defined by T f(t) = f(t — ¢).

(i) (Dilation)

(Wo(0cr)(ar6) = (Wor) (2.2 ) e >0 )

where D, is the dilation operator defined by

D.f(t) = ﬁf(g), c>0.
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Basic properties of wavelet transforms Il

(iv) (Symmetry)

(Wod)(arb) = (Wer) (,-2 )2 20 )

a

where D, is the dilation operator defined by
Dcf(t) = —=f(%),c > 0.

Vel
(v) (Parity)
(WpyPf)(a, b) = (Wyf)(a, —b), (7)

where P is the Parity operator defined by Pf(t) = f(—t).
(vi) (Antilinearity)

(Wa¢+/5¢f)(av b) :a(Wwf)(a, b)+B(W¢f)(a7 b)’ (8)

for any scalars «, .
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Basic properties of wavelet transforms Il

(vii)
(Wropf)(a, b) = (Wyf)(a, b+ ca). (9)

(viii)
(Wpyf)(a, b) = (Wyf)(ca, b), c > 0. (10)
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Theorem (Parseval's formula)

_ [ )P 2
Assume that Cy, = €] df < co. Let f,g € L*(R) and
—00

(Wi f)(a, b), (Wyg)(a, b) be the wavelet transforms of f, g respectively,
with respect to the wavelet 1) € L2(R). Then

| [ wnenamne - c, [ o

—00
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We have by definition of wavelet transform,

(Wo)(a.6) = [ (0) TanD)d
_ 1" f(&)V/al P(ag) e®de.

21 J_

Similarly,

(11)
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Therefore,

/ / (Wyf)(a, b)(Wye)(a, b) %282

= onp / / 2 / / |3l F(€)8(w) D(a) P(aw)e™E ) dedw
=5 / i / / F(©)8w) ¥(a <21 'b(é—mdb) ded
o [T [T [ H0Ew) T et - waca

2177 /: a/mf ©de

;/Z {GHG] </ M;f)' d) de

2:;/(: §) d§ = Cw/i f(t)g(t) dt.
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Theorem (Inversion formula)

If f € L2(R) and 0 < C,, < oo, then f can be reconstructed by the
formula

() = C% | (W) (a,6) i nte) 22 (13)
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For any f,g € L?(R), we have by Parseval’s formula for wavelet
transforms

Colfg) = Co [ Foigte) ot
/ / (W, F)(a, b)(Wyg)(a, b) e

/ / ab)/” g(t) Vap(t)dt 422t
:/ </ / (Wyf)(a, b) ¢ap(t) "a‘“’) g(t)dt
= </_Oo /_m(wwf)(a, b) a(t) %42, g(t )>
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which implies that

wa// (Wyf)(a, b) s p(t) 9262

/ / (WyF)(a, b) thap(t) 2 dadb

If f = g, then we have by Parseval’s formula

C, IFI2 = / (WyF)(a, b)|2ae

—00
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