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Let X be a topological space. Then 4,B € X are
said to be separated if ANB=0=AnNB. In
such a case, the pair (4,B) is called a
separation of X.

Definitions:

» A topological space X is said to be
connected if it cannot be expressed as a
union of disjoint non-empty open sets.

» A topological space X is said to be
disconnected if it is not connected.

Theorem 1: X is disconnected & X has a
separation.

" iLeave as an exercise to the reader).



Some important results

Theorem 2: For a topological space X the following
conditions are equivalent:

i The space X is connected.

i) Only closed-and-open (i.e., clopen) subsets of X are
® and X.

Gin If X=AUB and A and B are separated sets, then one of
them is empty.

vy Every cont. map f:X - 2, is constant, where 2, is two-
point discrete space.

Proof: (Outlines only)

(i) = (ii): If X has a clopen subset G, then the pair (G, X — G)
turns out to be a separation of X, which is a contradiction.

(i) = (iii): Now, A and B are separated sets, so, ANB =@ =
ANB. Also,as X =AUB, so A and B turn out to be clopen
ets in X. Hence, by (ii) either 4 or B is empty.



(iii) = (iv): Suppose that 2 ={a,b}. If f:X > 2, is a non-constant cont.
map, then f~{a} & f~1{b} are non-empty separated sets and X = f{a} U
f~Y{b}, contradiction.

(iv) = (i): If X is disconnected, then X =U UV, for some disjoint non-
empty open subsets U and V of X. But then, the non-constant maﬁ
f:X - 2, sending U to {a} and V to {b} turns out to be continuous, whic
contradicts (iv).

Theorem 3:
i) Connectedness is preserved under continuous maps.

iy If D is disconnected subset of a space X with separation U &V and C
is connected with C € D, then eitherCc U orCcV.

i If A is a connected subset of a space X and AS B © A, then B is also
connected. In particular, 4 is also connecetd.

v If {4;};¢; is a collection of connected subsets of a topological space X
such that n;¢; 4; # 0, then U;¢; A4; is connected in X.

v If Xand Y are connected spaces, then the product space X xY is also
connected.

Proof: (Outlines only)

(i) Let f:X - Y be acont. onto map and X be connected. Suppose thatY
is not connected and (U,V) is a separation of Y. Then it can be
verified that f~1(U) & f~1(V) forms a separation of X, contradiction.
Y is connected.

xercise to the students).



(iii) Suppose that (C,D) is a separation of B in X, i.e., B=CUD.
Then A< CorA S D (using (ii)). So, let Ac C. Then AnD = 0.
Here BNC # ® # BnD. So, pick any x e BnD, then x € B and
x€D. As AND=¢, so x&A, but xeBC A, so x€A,
contradiction. Hence, B is connected.

(iv) If U;e; A; is not connected, then we must have a separation
(U,V) of Ujg; A; in X, As N, A; # @, so pick any x € nig; A;. Then
either xe Uorx e V. Suppose that xeU. As x€A4; and is
connected, so A; S UViel, sO U;g A; €U, but then (U,V)
cannot be a separation of U;¢; 4;, contradiction. Thus, U;c; 4; is
connected.

(v) We know that {x}xY =Y and X x{y}=X,vx e X&Vy €Y, so
the sets {x} xY and X x{y} and hence ({x} xY)uU (X x {y}) are
connected in X xY. Now the connectedness of X xY follows
from the fact that X XY = U, [({x} X YV) U (X X {y})], for any
x € X.

: From (v) we conclude that, if X4, ..., X,, are connected
the product space X; X --- x X,, is also connected.
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