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Let 𝑋 be a topological space. Then 𝐴, 𝐵 ⊆ 𝑋 are 
said to be separated if 𝐴 ∩ 𝐵 = ∅ = 𝐴 ∩ 𝐵 . In 
such a case, the pair (𝐴, 𝐵)  is called a 
separation of 𝑋. 
 

Definitions: 

 A topological space 𝑋  is said to be 
connected if it cannot be expressed as a 
union of disjoint non-empty open sets. 

 

 A topological space 𝑋  is said to be 
disconnected if it is not connected. 

 

Theorem 1: 𝑋  is disconnected  ⇔   𝑋  has a 
separation. 
Proof: (Leave as an exercise to the reader). 



Theorem 2: For a topological space 𝑋  the following 
conditions are equivalent: 

(i) The space 𝑋 is connected. 

(ii) Only closed-and-open (i.e., clopen) subsets of 𝑋  are 
∅ and 𝑋. 

(iii) If 𝑋 = 𝐴 ∪ 𝐵 and 𝐴 and 𝐵 are separated sets, then one of 
them is empty. 

(iv) Every cont. map 𝑓: 𝑋 → 2𝐷 is constant, where 2𝐷 is two-
point discrete space.  

 

Proof: (Outlines only) 

(i) ⇒ (ii): If 𝑋 has a clopen subset 𝐺, then the pair (𝐺, 𝑋 − 𝐺) 
turns out to be a separation of 𝑋, which is a contradiction. 
 

(ii) ⇒ (iii): Now, 𝐴 and 𝐵 are separated sets, so, 𝐴 ∩ 𝐵 = ∅ =
𝐴 ∩ 𝐵 . Also, as 𝑋 = 𝐴 ∪ 𝐵, so 𝐴 and 𝐵 turn out to be clopen 
sets in 𝑋. Hence, by (ii) either 𝐴 or 𝐵 is empty.  



(iii) ⇒ (iv): Suppose that 2 = 𝑎, 𝑏 . If 𝑓: 𝑋 → 2𝐷 is a non-constant cont. 
map, then 𝑓−1 𝑎  & 𝑓−1 𝑏  are non-empty separated sets and 𝑋 = 𝑓−1 𝑎 ∪
𝑓−1 𝑏 , contradiction. 
 

(iv) ⇒ (i): If 𝑋 is disconnected, then 𝑋 = 𝑈 ∪ 𝑉, for some disjoint non-
empty open subsets 𝑈 and 𝑉 of 𝑋. But then, the non-constant map 
𝑓: 𝑋 → 2𝐷 sending 𝑈 to *𝑎+ and 𝑉 to *𝑏+ turns out to be continuous, which 
contradicts (iv). 
 

Theorem 3: 
(i) Connectedness is preserved under continuous maps. 
(ii) If 𝐷 is disconnected subset of a space 𝑋 with separation 𝑈 & 𝑉 and 𝐶 

is connected with 𝐶 ⊆ 𝐷, then either 𝐶 ⊆ 𝑈 or 𝐶 ⊆ 𝑉. 
(iii) If 𝐴 is a connected subset of a space 𝑋 and 𝐴 ⊆ 𝐵 ⊆ 𝐴 , then 𝐵 is also 

connected. In particular, 𝐴  is also connecetd. 
(iv) If 𝐴𝑖 𝑖∈𝐼 is a collection of connected subsets of a topological space 𝑋 

such that ∩𝑖∈𝐼 𝐴𝑖 ≠ ∅, then ∪𝑖∈𝐼 𝐴𝑖 is connected in 𝑋. 
(v) If 𝑋 and 𝑌 are connected spaces, then the product space 𝑋 × 𝑌 is also 

connected. 
Proof: (Outlines only) 
(i) Let 𝑓: 𝑋 → 𝑌 be a cont. onto map and 𝑋 be connected. Suppose that 𝑌 

is not connected and (𝑈, 𝑉) is a separation of 𝑌. Then it can be 
verified that 𝑓−1(𝑈) & 𝑓−1 𝑉  forms a separation of 𝑋, contradiction. 
So, 𝑌 is connected. 

(ii) (Left as an exercise to the students). 



(iii) Suppose that (𝐶, 𝐷) is a separation of 𝐵 in 𝑋, i.e., 𝐵 = 𝐶 ∪ 𝐷. 
Then 𝐴 ⊆ 𝐶 or 𝐴 ⊆ 𝐷 (using (ii)). So, let 𝐴 ⊆ 𝐶. Then 𝐴 ∩ 𝐷 = ∅. 
Here 𝐵 ∩ 𝐶 ≠ ∅ ≠ 𝐵 ∩ 𝐷. So, pick any 𝑥 ∈ 𝐵 ∩ 𝐷, then 𝑥 ∈ 𝐵 and 
𝑥 ∈ 𝐷 . As 𝐴 ∩ 𝐷 = ∅ , so 𝑥 ∉ 𝐴 , but 𝑥 ∈ 𝐵 ⊆ 𝐴 , so 𝑥 ∈ 𝐴 , 
contradiction. Hence, 𝐵 is connected. 

(iv) If ∪𝑖∈𝐼 𝐴𝑖 is not connected, then we must have a separation 
(𝑈, 𝑉) of ∪𝑖∈𝐼 𝐴𝑖 in X. As ∩𝑖∈𝐼 𝐴𝑖 ≠ ∅, so pick any 𝑥 ∈ ∩𝑖∈𝐼 𝐴𝑖. Then 
either 𝑥 ∈ 𝑈 or 𝑥 ∈ 𝑉 . Suppose that 𝑥 ∈ 𝑈 . As 𝑥 ∈ 𝐴𝑖  and is 
connected, so 𝐴𝑖 ⊆ 𝑈, ∀𝑖 ∈ 𝐼 , so ∪𝑖∈𝐼 𝐴𝑖 ⊆ 𝑈 , but then (𝑈, 𝑉) 
cannot be a separation of ∪𝑖∈𝐼 𝐴𝑖, contradiction. Thus, ∪𝑖∈𝐼 𝐴𝑖 is 
connected. 
 

(v) We know that *𝑥+ × 𝑌 ≅ 𝑌 and 𝑋 × 𝑦 ≅ 𝑋, ∀𝑥 ∈ 𝑋 & ∀𝑦 ∈ 𝑌, so 
the sets *𝑥+ × 𝑌 and 𝑋 × 𝑦  and hence (*𝑥+ × 𝑌) ∪ (𝑋 × 𝑦 ) are 
connected in 𝑋 × 𝑌. Now the connectedness of 𝑋 × 𝑌 follows 
from the fact that 𝑋 × 𝑌 = ∪𝑦∈𝑌 , 𝑥 × 𝑌 ∪ 𝑋 × 𝑦 - , for any 
𝑥 ∈ 𝑋. 
 

Note: From (v) we conclude that, if 𝑋1, … , 𝑋𝑛 are connected 
spaces, then the product space 𝑋1 × ⋯× 𝑋𝑛 is also connected. 
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