Operations for fuzzy sets: union,

intersection, complement

Given two fuzzy sets A = {(x. pn;(x))lx € X} and

B = {(x, 15(x))|x € X} over the same universe of discourse
X, we can define operations of union, intersection and
complement. We define:

the union of the fuzzy sets A si B as the fuzzy set C=AUB,
given by C = {(x, pgz(x))|x € X}, where

pre(x) = max(pz(x), g (x))

the intersection of the fuzzy sets A and B as the fuzzy set
D = AN B, given by D = = {(x,pup(x))|x € X}, where

pp(x) = min(juz(x). e (x))

the complement of A in X as the fuzzy set E = C ;X given by
E = {(x,pg(x))|x € X}, where

pe(x) =1 —pz(x)



Operations with fuzzy sets: inclusion, equality

> inclusion of fuzzy sets: given two fuzzy sets A and B included
in X, the inclusion A C B takes place iff a(x) < pglx),

(V)x € X
» equality of two fuzzy sets: two fuzzy sets A and B included in
X are equals iff p;(x) = pg(x), (V)x € X

> Equwalently, two ﬂjzzyr sets A and B included in X are equals
iff AC Band B C A



Operations with fuzzy sets: examples

1. Determine the union and intersection of the fuzzy sets A=
“comfortable house for a 4 persons - family” and B = “small
hDUSE , where

{(1 0.1),(2,0.5),(3,0.8),(4,1.0),(5,0.7),(6,0.2)} and
> ..{( 1),(2,0.8),(3,0.4),(4,0.1)}:

AUB = {(1 max(0.1,1)), (2, max(0.5,0.8)), (3, max(0.8,0.4)),

(4, max(1,0.1)), (5. max(0.7,0)), (6, max(0.2,0)} =

{(1,1),(2,0.8),(3,0.8),(4,1), (5.0.7), (6,0.2)}

ANB = {(1 min(0.1.1)), (2, min(0.5,0.8)), (3, min(0.8,0.4)),

(4, min(1,0.1)), (5, min(0.7,0)), (6, min(0.2,0)} =

{[1 Dl) (2,0.5),(3,0.4),(4,0.1),(5,0),(6,0)}

AU B can be read as cumfﬂrtable house for a 4 persons -

family or small”, and AN B as “comfortable house for a 4

persons - farnlly and small”



Operations with fuzzy sets: examples

2. Determine C;X, where X = {1,2,3,4,5,6,7,8,9,10}:
( “non-comfortable house for a 4 persons - family” )
C;X ={(1,1-0.1),(2,1-05),(3,1-0.8),(4,1—1),(5,1 —
0.7),(6,1-0.2),(7,1-0),(8,1-0),(9,1-0),(10,1 —-0)} =
{(1,0.9),(2,0.5),(3,0.2),(4,0),(5,0.3),(6,0.8),(7,1),(8, 1),
(9.1),(10,1)}

3. Determine the union and intersection of the fuzzy sets A =

“real numbers close to 10" and B = “real number
considerably Iarger than 11".

» Analytically: C=AUBsi D= An B, where
pe(x) = max{pz(x). pg(x)},
() = min{p5(x). g (x))

» Graphically: (more suited in this case), in the next slides:



Example of operations with fuzzy sets: union
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Example of operations with fuzzy sets: intersection
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Properties of the operations with crisp sets and fuzzy sets

For crisp sets in the universe of discourse X the following
properties are true (after [NR74]):

1. Commutativity:
AUB=BUA

ANB=BnNA
2. Associativity:
(AUB)UC=AU(BUC(C)
(AnB)NC=An(BNC)
3. Distributivity:
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4. ldempotency:



Properties of the operations with crisp sets and fuzzy sets

5. ldentity:
AUD=0UA=A

AUX=XUA=X
AND=0NA=1
ANX=XNA=A

6. Transitivity: it AC Band BC C, then AC C

7. Involution: A = A, where A = CaX
8. De Morgan:
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Properties of the operations with crisp sets and fuzzy sets

9. Absorption:
AUANB)=A

AN(AUB)=A
10. Excluded middle laws (excluded middle laws):

AUA=X
ANA=10

» Proprieties 1-9 hold for fuzzy sets, too, but NOT the property
10.

» Some researchers consider this fact (non-fulfillment of the
excluded middle laws) as being the main characteristic of
fuzzy sets.



Fuzzy Relations

Definition

Given the universes of discourse X and Y, a fuzzy relation R in
X x Y Is defined as the set

R={((x.y),pp(x,y)) | (x,¥) € X x Y}, where

pp(x,y): X xY —[0,1]



Examples of fuzzy relations

1. For X =Y = R, we define the continuous fuzzy relation "x
considerably larger than y" :

0, ifx<y
pplxy) = opp fy <x<ll-y
1, it x>11-y
2. The fuzzy relation “x > y" could be defined also as:

Hﬁ(x:y) — { T{x F}E_ -



Examples of fuzzy relations

3. For the discrete fuzzy sets X = {x3,x%}. Y = {11, 2. y3}, the
fuzzy relation R"x > y" can be expressed by the matrix:

Yi | Y2 | V3
X1 0.5 1 0

x 1 0.7102](0.1

Table 1: Fuzzy relation R



