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Daubechie's Wavelets |

We shall construct the Daubechie’'s wavelet with one and two vanishing
moment. Let us recall the definition of moments.
Definition (Moments): The integral

/ th () dt
R

is called k™" moment of v, and if

/ tky(t) dt =0,
R

or equivalently, [d%(f)] B = (K)(0) = 0, we say that ¢ has its k"

moment vanishing. If ¢ has M vanishing moments, then

$(0) = PM(0) = 9D (0) = --- = HpM=(0) = 0.
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The Haar wavelet (t) is defined by

1, ifo<t<ji
Y(t)=<-1, ifi<t<1

0, otherwise.

We have

/wﬁﬁ#ZQ mdt/twﬂduz—y4¢a
R R

Therefore, Haar wavelet has one vanishing moment, i.e., 12(0) =0.
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Construction of Daubechie's wavelets with M vanishing

moments |

Steps involved in construction of Daubechie's wavelets are as follows

S 1. Fix M, the number of vanishing moments.

S 2. Find the polynomial P by using the formula
M-1
M+ k—-1\
P(y) = .
)= < . >y
k=0
S 3. Find |L(¢)|? by using the formula
L(&)[* = P [sin®(¢/2)]

where
M_

L) = Z b e~ and by are real.
k=0

[y

Dr. Sunil Kr. Singh (M.G.C.U.B.) Daubechie’'s Wavelets



Construction of Daubechie's wavelets with M vanishing

moments ||

S 4. Find m(&) by using the formula

w0 = (M2 e

S 5. Put the value of m(&) obtained in Step 4 in the left side of the
following equation

I’/T\T(é) = \2 Z Ck e_ik£7
k=—00

and find the value of the coefficients ¢'s.
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Construction of Daubechie's wavelets with M vanishing

moments |1

S 6. Find the Daubechie’s scaling function py¢(x) by using the formula

Mo(x) =V2 Y ccd(2x— k).
k=—00
S 7. Find the Daubechie's wavelet pj1)(x) by using the formula

mp(x) = V2 f} dic $(2x — k)

k=—o00

where d, = (—1)k C_k+1 OF d, = (—1)(k_1) C_k_1-
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The Daubechie’s wavelet with one vanishing moment |

For M=1, it follows from

that P(y) = 1. Then
L(E)I” = P [sin®(£/2)] = 1. (1)

Since, for M=1, L(§) = by (real constant) and hence we can choose
L(§) =1. Thus
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The Daubechie’s wavelet with one vanishing moment Il

Compare the equation (2) with

9= L S aert

k=—0oc0
we get
1 1 1 1 1
—cq ==, —=c =—=and —c, =0, for k#0,1,
50T 5T 75 #
= ¢ ! c L and ¢, =0, for k #£0,1
= = = —= an =V, r y
0 N 1 /3 k

Hence, the Daubechie’s scaling function 1¢(x) is given by

16(x) =v2 > ced(2x — k)

k=—00
= V2[qd(2x) + c1p(2x — 1)]
= ¢(2x) + ¢(2x — 1),
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The Daubechie’s wavelet with one vanishing moment IlI

and the Daubechie’s wavelet 17)(x) is given by

W) =v2 S deo(2x— k)

k=—o00

=V2 > (-1)fE ki1 6(2x— k)

k=—0o0
= V2 [(-1)° & ¢(2x) + (~1) G p(2x — 1)]
= ¢(2x) — Pp(2x — 1)

which is the Haar wavelet.
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The Daubechie’s wavelet with two vanishing moment |

For M=2, it follows from

that P(y) = Zi:o (k'kH)yk =14 2y. Then

IL(&)]> = P [sin?(£/2)] =1+ 2sin?¢/2

1/ . , (3)
—9_ [ ai§ —i§
2 > (e +e ) .
Since, for M=2 we have
2-1 _
L(&) =) bee ™™ = by + bre . (4)
k=0
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The Daubechie’s wavelet with two vanishing moment I

Hence from (3) and (4), we get

1, . , _
_Lgie o gmie)
2= 5 (eF+e7) = LOLE
= (bp + ble_'g)(bo + ble'g)
= B3+ bf + boby (& + 7).

Equating the coefficients we get bg + b2 =2 and bob; = —%.
One solution of these equations is bp = (1 +v/3) and by = (1 — /3).
Consequently,

w0 = (1) o= (F2) e me

(257 (e J0-5)
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The Daubechie’s wavelet with two vanishing moment |l|

that is,
M) = S{L+V3) + (34 VA + (3 VA 4 (1 VE)e ).

Compare the above equation with

LY ae

k—foo
we get,
\2 :7(1+f) \}iq=;(3+x/§),
e = (3= V3). e = 51 V)
and, \1[ e =0, for k #£0,1,2,3.
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The Daubechie’s wavelet with two vanishing moment |V

Hence,
= 7(1+ V3),
o= 7(3+xf)
= 4\7@(3 -V3),
&= 55— V),

and ¢, =0, for k #0,1,2,3.
Therefore, the Daubechie’s scaling function 2¢(x) is given by

=2 i ck #(2x — k)

k=—oc0

= V2 {co ¢(2x) + c1 p(2x — 1) + &2 P(2x — 2) + 3 H(2x — 3)}.
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The Daubechie’s wavelet with two vanishing moment V

and the Daubechie's wavelet »1)(x) is given by

W) =v2 S deo(2x— k)

k=—0o0
— V2 3 (—1)FE gy $(2x — K)
k=—00

= V2 {c30(2x +2) — 2 p(2x + 1) + &1 $(2x) — co(2x — 1)}

It is often referred to as the Daubechies D, wavelet since it is generated by
four coefficients.
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