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Daubechie’s Wavelets I

We shall construct the Daubechie’s wavelet with one and two vanishing
moment. Let us recall the definition of moments.
Definition (Moments): The integral∫

R
tk ψ(t) dt

is called kth moment of ψ, and if∫
R
tk ψ(t) dt = 0,

or equivalently,
[
dk ψ̂(ξ)
dξk

]
ξ=0

= ψ̂(k)(0) = 0, we say that φ has its kth

moment vanishing. If φ has M vanishing moments, then

ψ̂(0) = ψ̂(1)(0) = ψ̂(2)(0) = · · · = ψ̂(M−1)(0) = 0.
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Example

The Haar wavelet ψ(t) is defined by

ψ(t) =


1, if 0 ≤ t < 1

2

−1, if 1
2 ≤ t < 1

0, otherwise.

We have ∫
R
ψ(t) dt = 0, and

∫
R
t ψ(t) dt = −1/4 6= 0.

Therefore, Haar wavelet has one vanishing moment, i.e., ψ̂(0) = 0.

Dr. Sunil Kr. Singh (M.G.C.U.B.) Daubechie’s Wavelets 3 / 17



Construction of Daubechie’s wavelets with M vanishing
moments I

Steps involved in construction of Daubechie’s wavelets are as follows

S 1. Fix M, the number of vanishing moments.

S 2. Find the polynomial P by using the formula

P(y) =
M−1∑
k=0

(
M + k − 1

k

)
yk .

S 3. Find |L(ξ)|2 by using the formula

|L(ξ)|2 = P
[
sin2(ξ/2)

]
,

where

L(ξ) =
M−1∑
k=0

bk e
−ikξ, and bk are real.
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Construction of Daubechie’s wavelets with M vanishing
moments II

S 4. Find m̂(ξ) by using the formula

m̂(ξ) =

(
1 + e−iξ

2

)M

L(ξ).

S 5. Put the value of m̂(ξ) obtained in Step 4 in the left side of the
following equation

m̂(ξ) =
1√
2

∞∑
k=−∞

ck e
−ikξ,

and find the value of the coefficients ck ’s.
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Construction of Daubechie’s wavelets with M vanishing
moments III

S 6. Find the Daubechie’s scaling function Mφ(x) by using the formula

Mφ(x) =
√

2
∞∑

k=−∞
ck φ(2x − k).

S 7. Find the Daubechie’s wavelet Mψ(x) by using the formula

Mψ(x) =
√

2
∞∑

k=−∞
dk φ(2x − k)

where dk = (−1)k c̄−k+1 or dk = (−1)(k−1) c̄−k−1.
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The Daubechie’s wavelet with one vanishing moment I

For M=1, it follows from

P(y) =
M−1∑
k=0

(
M + k − 1

k

)
yk

that P(y) = 1. Then

|L(ξ)|2 = P
[
sin2(ξ/2)

]
= 1. (1)

Since, for M=1 , L(ξ) = b0 (real constant) and hence we can choose
L(ξ) = 1. Thus

m̂(ξ) =

(
1 + e−iξ

2

)M

L(ξ) =

(
1 + e−iξ

2

)
=

1

2
+

1

2
e−iξ. (2)

Dr. Sunil Kr. Singh (M.G.C.U.B.) Daubechie’s Wavelets 7 / 17



The Daubechie’s wavelet with one vanishing moment II

Compare the equation (2) with

m̂(ξ) =
1√
2

∞∑
k=−∞

ck e
−ikξ,

we get

1√
2
c0 =

1

2
,

1√
2
c1 =

1

2
and

1√
2
ck = 0, for k 6= 0, 1,

=⇒ c0 =
1√
2
, c1 =

1√
2

and ck = 0, for k 6= 0, 1.

Hence, the Daubechie’s scaling function 1φ(x) is given by

1φ(x) =
√

2
∞∑

k=−∞
ck φ(2x − k)

=
√

2 [c0φ(2x) + c1φ(2x − 1)]

= φ(2x) + φ(2x − 1),
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The Daubechie’s wavelet with one vanishing moment III

and the Daubechie’s wavelet 1ψ(x) is given by

1ψ(x) =
√

2
∞∑

k=−∞
dk φ(2x − k)

=
√

2
∞∑

k=−∞
(−1)k c̄−k+1 φ(2x − k)

=
√

2
[
(−1)0 c̄1 φ(2x) + (−1) c̄0 φ(2x − 1)

]
= φ(2x)− φ(2x − 1)

which is the Haar wavelet.
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The Daubechie’s wavelet with two vanishing moment I

For M=2, it follows from

P(y) =
M−1∑
k=0

(
M + k − 1

k

)
yk

that P(y) =
∑1

k=0

(k+1
k

)
yk = 1 + 2y . Then

|L(ξ)|2 = P
[
sin2(ξ/2)

]
= 1 + 2 sin2 ξ/2

= 2− 1

2

(
e iξ + e−iξ

)
.

(3)

Since, for M=2 we have

L(ξ) =
2−1∑
k=0

bke
−kξ = b0 + b1e

−iξ. (4)
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The Daubechie’s wavelet with two vanishing moment II

Hence from (3) and (4), we get

2− 1

2

(
e iξ + e−iξ

)
= L(ξ)L(ξ)

= (b0 + b1e
−iξ)(b0 + b1e

iξ)

= b20 + b21 + b0b1
(
e iξ + e−iξ

)
.

Equating the coefficients we get b20 + b21 = 2 and b0b1 = −1
2 .

One solution of these equations is b0 = 1
2(1 +

√
3) and b1 = 1

2(1−
√

3).
Consequently,

m̂(ξ) =

(
1 + e−iξ

2

)M

L(ξ) =

(
1 + e−iξ

2

)2

(b0 + b1e
−iξ)

=

(
1 + e−iξ

2

)2(
1

2
(1 +

√
3) +

1

2
(1−

√
3)e−iξ

)
,
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The Daubechie’s wavelet with two vanishing moment III

that is,

m̂(ξ) =
1

8
{(1 +

√
3) + (3 +

√
3)e−iξ + (3−

√
3)e−2iξ + (1−

√
3)e−3iξ}.

Compare the above equation with

m̂(ξ) =
1√
2

∞∑
k=−∞

ck e
−ikξ

we get,

1√
2
c0 =

1

8
(1 +

√
3),

1√
2
c1 =

1

8
(3 +

√
3),

1√
2
c2 =

1

8
(3−

√
3),

1√
2
c3 =

1

8
(1−

√
3),

and,
1√
2
ck = 0, for k 6= 0, 1, 2, 3.
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The Daubechie’s wavelet with two vanishing moment IV

Hence,

c0 =
1

4
√

2
(1 +

√
3),

c1 =
1

4
√

2
(3 +

√
3),

c2 =
1

4
√

2
(3−

√
3),

c3 =
1

4
√

2
(1−

√
3),

and ck = 0, for k 6= 0, 1, 2, 3.

Therefore, the Daubechie’s scaling function 2φ(x) is given by

2φ(x) =
√

2
∞∑

k=−∞
ck φ(2x − k)

=
√

2 {c0 φ(2x) + c1 φ(2x − 1) + c2 φ(2x − 2) + c3 φ(2x − 3)} .
Dr. Sunil Kr. Singh (M.G.C.U.B.) Daubechie’s Wavelets 13 / 17



The Daubechie’s wavelet with two vanishing moment V

and the Daubechie’s wavelet 2ψ(x) is given by

2ψ(x) =
√

2
∞∑

k=−∞
dk φ(2x − k)

=
√

2
∞∑

k=−∞
(−1)k c̄−k+1 φ(2x − k)

=
√

2 {c3φ(2x + 2)− c2 φ(2x + 1) + c1 φ(2x)− c0φ(2x − 1)}

It is often referred to as the Daubechies D4 wavelet since it is generated by
four coefficients.
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